I. INTRODUCTION

S
IMULATING high-voltage models using non-linear field grading materials becomes increasingly important due to recent advances in the production and practical application of non-linear field grading materials. These novel materials featuring, so called microvaristors, have a highly non-linear conductivity. The switching electrical field intensity can be varied over a wide range [1] , [2] . To find the appropriate material characteristics suitable for a specific high-voltage system component design numerical simulations are used. Using these materials provides a more compact design or allows higher voltage levels for high-voltage devices.
The interesting field effects in such high-voltage devices are capacitive and non-linear resistive effects [3] . They can be adequately described using the electro-quasistatic (EQS) approximation [4] . The underlying initial-boundary value problem is typically discretized in space by the finite element method (FEM) [5] resulting in a stiff system of ordinary differential equations. The application of a time integration method (e.g., the implicit Euler scheme) requires the repeated solution of large non-linear systems of equations. Finally, when applying Newton's method, large linear algebraic systems of equations need to be solved. In the best case, the computational effort scales linearly with the degrees of freedom (e.g., when using multigrid techniques), i.e., a smaller number of degrees of freedom (DoF) will yield a faster solution process.
II. DOMAIN SUBSTRUCTURING AND MOR
Non-linear field grading materials are typically applied as thin layers. Consequently, most of the DoFs in the model are assigned to a domain with constant material parameters, i.e., mainly the exterior air domain region of the problem with negligible conductivity and low dynamics. Exploiting this fact leads to the idea of a domain decomposition in an interior domain corresponding to electrically conductive materials and an exterior domain without or with merely negligible conductivity. This domain substructuring splits the problem into a large linear part and small conductive material part where a small portion even may feature a non-linear conductivity. This approach is similar to the magneto-quasistatic domain substructuring proposed in [6] . Model Order Reduction (MOR) techniques provide methods to project high dimensional dynamical systems to lower dimensional ones by extracting the essential parts of the system. MOR techniques are used successfully in low frequency electromagnetics [7] . They extract the projection by topological information or from system dynamics obtained from initially calculated simulation results. The latter approach is also used in this paper. The Proper Orthogonal Decomposition (POD) is such a method that builds projection operators by capturing the system dynamics based on a singular value decomposition.
Model order reduction captures the dynamics in the solutions within the linear parts of the problem and leads to a lower order representation of this domain. The exterior part of high-voltage models is typically linear and exhibits very low dynamics, such that large reduction factors can be expected.
III. ELECTRO-QUASISTATIC SIMULATION
Neglecting inductive effects in Maxwell's equations leads to the EQS-approximation [4] . The introduction of the electric scalar potential into this equation set results in the initialboundary value problem [8] ( 1) 0018-9464/$31.00 © 2013 IEEE where is the electric potential, is the permittivity and is the non-linear conductivity of the EQS problem. When applying the classical Ritz-Galerkin finite element method (FEM) a stiff non-linear ODE system (2) is obtained, where and denote the discrete div-grad operators w.r.t. permittivity and conductivity. The vector contains the nodal potentials, i.e., the problem's DoFs. The Dirichlet boundary information is incorporated in the right-hand-side .
The system can be decomposed into an interior (i.e., conductive) and exterior (non-conductive) subdomain with nodal potential vectors and , respectively. This partitions (1) into (3) The domain decomposition is performed, such that only the conductive stiffness matrix contains non-linear information. This matrix has to be reassembled in every Newton step. When projecting the exterior DoFs to a lower number of DoFs, one accelerates the linear equation solver in every Newton step.
IV. PROPER ORTHOGONAL DECOMPOSITION
A. Introduction to the POD Method
The POD was originally developed for data analysis and is aimed to find correlations in high dimensional data sets represented as vectors [9] . The POD provides a projection that represents a high dimensional data set by a lower number of data vectors. The projector to the low dimensional basis can be computed by the singular value decomposition (SVD) of the high dimensional data set. When using POD as a MOR method for dynamical systems the data sets are obtained by full simulations with some preselected excitations or a particular material choice ('offline phase'). These offline results are represented as a snapshot matrix [10] . The goal is to set up the snapshot matrix with minimal effort and apply it to as many different simulation variations as necessary ('online phase').
In contrast to [12] , in this work only the exterior DoFs are reduced. The method is applicable to material and geometrical parameter variations in the interior domain. Both types of variation are difficult for the application of the POD method to the entire system (otherwise more complex parametric MOR techniques are required).
B. Applying POD to a Dynamical System
Offline phase: the POD method is applied to the entire EQS system (2). The procedure is as follows:
1) Setting Up the Snapshot Matrix: Solve system (2) for a "training input" (i.e., excitation or material choice) and collect the relevant states (i.e., solutions in the snapshot matrix (4) For very low dynamic exterior domains it is possible to build up the snapshot matrix by a frequency domain solution.
2) Singular Value Decomposition: Decompose the snapshot matrix into three matrices respectively expand into a rank-one decomposition by the SVD [9] (5) where and are orthogonal matrices, is a rectangular diagonal matrix with a nonnegative diagonal and is the rank of the snapshot matrix. The singular values are sorted in descending order. The column vectors of the matrix may be interpreted as the orthonormal basis of the image space, considering as linear mapping. Thus, contains the directions where the system dynamics occur and the weighting of these directions.
3) Selecting the Reduced Basis: Choose a reduction, i.e., choose a dimension , so that the terms with can be disregarded. Then the essential system dynamics is represented by the low order basis vector collected in the matrix (6) The relative information (7) provides a measure on how much information of the system dynamics, i.e., the snapshot matrix, is represented by the low order basis . Another attribute of the POD method is the optimality of the low order basis in the 2-norm (8) This provides also a measure how close the projection is to the snapshot matrix.
4) Projecting the Dynamical System: Let denote the low order approximation of the solution of (2), then
The projector is given by defined by .
C. Subdomain Reduction by POD
The reduction of the non-linear part would require a full assembly and projection step in every Newton iteration as presented in [12] . This may not be optimal. Thus here the projection is applied only to the exterior subdomain with linear material parameters that is assembled only once. As already mentioned, another advantage lies in the fact that geometrical variations are still possible in the interior domain. The projector for the full system (POD is only applied to exterior domain) reads (10) 
V. NUMERICAL EXAMPLES
The simulations are performed using a 2-D axial symmetric electro-quasistatic finite-element method implementation in Matlab [13] . The low dimensional basis is provided by the built-in Matlab functions svd and svds, respectively.
A. IEC Surge Arrester
The first example is the IEC 60099c-4 surge arrester [14] . The excitation is a ramped sinusoidal current with a peak-voltage of 471 kV at 50 Hz. The simulation time is a 3/4 period of the sine wave. The surge arrester model contains vacuum, surrounding air, porcelain, each with negligible conductivity, and the three varistor units on the axis. The non-linear characteristic of the metal-oxid varistor is given in Fig. 1 [14] .
The evaluation line is aligned with the symmetry axis and starts at the pedestal and ends up at the high voltage lead as given in Fig. 1 . The boundary box is grounded. Due to the fixed potential at the exterior boundary the projector can be build by a single linearized simulation (offline phase), where the conductivity of the varistor block is fixed to a working point on the non-linear conductivity characteristic. In Fig. 2 the first 100 singular values are plotted. The singular values decrease fast, thus the relative information is much larger than 99.99% and the 2-norm is smaller than from fifth singular value. As shown in Fig. 3 , the exterior domain contains air, vacuum and porcelain material blocks. The 3473 nodes in this domain can be reduced to only 5 DoFs with an acceptable solution accuracy, i.e., the exterior dynamic is described by only 5 DoFs. For alternative FEM meshes with 1253 and 14261 DoFs in the exterior domain the results are similar: Since the POD captures the dynamics in the exterior domain, this reduction factor is almost independent of such mesh refinements. For 1253 exterior DoFs a reduction to 5 DoFs and for the 14261 exterior DoFs a reduction to 6 DoFs is sufficient for equally accurate result.
B. 11 kV Insulator Test Model
The second example is a typical 11 kV insulator presented in [15] . The model in use has 3042 DoFs. The simulations were performed with 18 kV peak voltage which corresponds to the maximum phase to earth potential in operation. As in the previous example a ramped sinusoidal excitation is used. The nonlinear conductivity is represented by exponential functions as shown in Fig. 4(c) . The switching threshold is determined by the field intensity , such that . Due to the Neumann boundaries, the lower order basis has to be built by a full non-linear simulation. Table II, shows the accuracy of the fields along the evaluation line plotted in Fig. 5 . For the 2673 DoF in the exterior domain again 5 DoFs suffice to represent the solution. This applies to both material thresholds.
The underlying engineering task for this model is to choose an optimal switching threshold of the field grading material. For this task, reusing the low order basis of the POD method for different material thresholds increases the numerical efficiency. Table III shows that the reduction performed with a specific material threshold can be used in simulations with another threshold. The dimension of the reduction is chosen slightly larger to obtain the same level of accuracy for various thresholds as for the reduction with the training threshold.
VI. CONCLUSION
A model order reduction method was presented for non-linear transient electro-quasistatic FEM field simulations of high-voltage system components with non-linear field grading materials. Based on domain decomposition into linear and nonlinear problem parts, large reduction factors were achieved by applying the Proper Orthogonal Decomposition only to the linear subdomain DoFs. The resulting low dimension basis effectively approximates the slow solution dynamics in the "linear" subdomains of the problem. Results for non-linear EQS simulations of a metal-oxide surge arrester and an insulator with microvaristor coating for nonlinear field stress grading showed the efficiency of this approach. This reduced basis approach also can accelerate EQS and Magneto-Quasistatic simulations for parameter studies or optimization.
